
TABLE OF CONTENTS

Preface v

Translation editor's preface vii

List of abbreviations, notations, symbols xvii

CHAPTER I - COMBINATORY ANALYSIS AND ITS APPLICATION TO
CLASSICAL AND QUANTUM STATISTICS AND TO THE"
CHROMOSOME THEORY OF HEREDITY 1

I - Factorials and the T-function

1. Factorials and the T-function, Stirling's formula 2

II - Arrangements, permutations, combinations

2. Arrangements, permutations, combinations, properties
of the numbers C r , Newton's binomial formula 5n

III - Arrangements, permutations and combinations with
repetitions

3. Arrangements with repetitions, combinations with
repetitions, permutations with repetitions,
restricted repetitions 9

IV - Various problems and applications to the statistics of
classical statistical mechanics and quantum mechanics

4. Problem 1, Problem 2; classical statistics of perfect
gases; Bose-Einstein statistics; Fermi-Dirac statistics;
Statistics of L. Brillouin 14

V - Chromosome theory of heredity

5. Chromosome theory of heredity 21

Bibliographic notes for Chapter I 26

Exercises 26

CHAPTER II - THE CONCEPT OF PROBABILITY. MEASURES OR MASS
DISTRIBUTIONS. HILBERT SPACES. RANDOM ELEMENTS
AND PROBABILITY LAWS 30

I - The concept of probability

1. Trials and random events, Example (2,1,1),
systems of events 31

IX



35

2. A first approach to the concept of probability;
generalization, Example (2,2,1), dice; Example
(2,2,2), Quantum Statistics

3. Frequency and probability; probability in the
chromosome theory of heredity

4. Trials and classes of trials; first problem, Remark
( 2 . 4 . 1 ) ; second problem; events as subsets of the
class of trials, Remark (2,4,2), limit of a sequence
of sets or events

5. First axioms of probability theory, Axiom I, set
functions, Remark (2,5,1), O-algebra of subsets,
Example (2,5,1), measure; Axiom II, Axiom III (Axiom
of Total Probability), Remark (2,5,2); probability
law of a class of trials; results 57

II - Measures or Mass Distributions

6. Measure and mass distribution; elementary properties
of measures, Theorem (2,6,1), Theorem (2,6,2), sets
of measure zero and properties true almost everywhere;
point functions, Lemma (2,6,1); definite integral,
Theorem (2,6,3), Theorem (2,6,4), m-equivalent point
functions, m-equivalent mappings; integral over an
arbitrary set, Remark (2,6,1), Theorem (2,6,5);
indefinite integral, Theorem (2,6,6), Theorem (2,6,7),
Remark (2,6,2) 64

7. Chebyshev's Theorem, Theorem (2,7,1), Theorem (2,7,2)
(Chebyshev), Theorem (2,7,3) (Holder), Schwarz's
inequality, Theorem (2,7,4), Theorem (2,7,5), Theorem
(2,7,6) (Minkowski), Theorem (2,7,7) 74

8 . Types of convergence of point functions; convergence
almost everywhere, convergence in measure; convergence
in a-th mean, Theorem (2,8,1), Theorem (2,8,2), The¬
orem (2,8,3); Theorem (2,8,4) (Lebesgue), Theorem
(2,8,5) (Fatou) 79

9. Totally discontinuous measures or mass distributions 85

III - Hilbert spaces

10. Hilbert spaces, Theorem (2.10.1), Theorem (2,10,2);
Theorem (2,10,3), Theorem (2,10,4), Theorem (2,10,5);
Theorem (2,10,6); Hilbert subspaces, Generalization
(2.10.1) , linear mappings of a Hilbert space into a
Hilbert space, Remark (2,10,1) on isometries of Hilbert
spaces; projections, canonical isomorphism; bases;
Remark (2,10,2); example of a Hilbert space: the
spaces ¿ 2 , Theorem (2,10,7) (Fischer-Riesz), Theorem
(2,10,8), Remark (2,10,3) 87

x



IV - Random elements and probability laws

11. Random elements; probability law of a random element;
induced measures, Remark (2,11,1), change of variable
in an integral, Theorem (2,11,1); random elements
which are functions of others; random variables,
Example (2,11,1), Example (2,11,2), Example (2,11,3),
Example (2,11,4); n-dimensional random vectors and
variables, Example (2,11,5), Example (2,11,6); Remark
(2.11.2) ; Lebesgue measure, absolutely continuous

measures or mass distributions over £E„; Remark
(2.11.3) ; uniform measures or mass distributions;
Remark (2,11,4), Theorem (2,11,2) (Radon-Nikodym);
convergence of a sequence of measures

12. Impossible and almost impossible events; certain and
almost certain events, Example (2,12,1), Theorem
(2,12,1); Remark (2,12,1); equivalent random elements;
Remark (2,12,2)

Bibliographic notes for Chapter II

Exercises

CHAPTER III - DISTRIBUTION FUNCTIONS

1. Distribution functions; Remark (3,1,1); Remark
(3.1.2) ; basic properties of distribution functions;
distribution function associated with a measure,
Theorem (3,1,1); measure or mass distribution defined
by a distribution function, Theorem (3,1,2), Remark
(3.1.3) , Remark (3,1,4), Remark (3,1,5), Theorem
(3.1.3) ; equivalent distribution functions, Theorem
(3.1.4) ; totally discontinuous distribution functions;
absolutely continuous distribution functions; integral
of a point function with respect to a distribution
function

2. One-dimensional distribution functions; Theorem
(3.2.1) ; equivalent distribution functions, Remark
(3.2.1) ; Remark (3,2,2); normalized totally discon¬
tinuous distribution functions, Dirac distribution
functions; absolutely continuous normalized distri¬
bution functions; singular distribution functions;
Theorem (3,2,2); Theorem (3,2,3)

3. Riemann-Stieltjes integrals; Theorem (3,3,1);
integration by parts; extensions

4. Convergence of distribution functions; Compactness
Theorem (3,4,1); Theorem (3,4,2), Remark (3,4,1);
distance between two distribution functions;
Remark (3,4,2)

109

125

131

132

135

136

146

152

156

xi



5. Review of matrix theory; complex matrices; positive-
definite matrices, Lemma (3,5,1) 161

6. The special role of exponential functions, Example
(3.6.1) , Remark (3,6,1), Remark (3,6,2); functions
of classes (Sj) and (S 2 ) and their Fourier trans¬
forms, Lemma (3,6,1); Theorem (3,6,1); Remark (3,6,3),
Example (3,6,2), Lemma (3,6,2), Theorem (3,6,2);
convolution, Theorem (3,6,3); Fourier transform in

Theorem (3,6,4) (uniqueness), Theorem (3,6,5)
(inversion) 168

7. Positive-definite functions, Lemma (3,7,1), Remark
(3.7.1) ; Fourier transforms of bounded distribution
functions, Lemma (3,7,2), Example (3,7,1), Theorem
(3.7.1) , Theorem (3,7,2), Remark (3,7,2), Theorem
(3.7.3) ; Theorem (3,7,4) (Bochner) 186

8. Converse of Theorem (3,7,1), Theorem (3,8,1), Remark
(3.8.1) ; convolution of two bounded distribution
functions, Theorem (3,8,2), Remark (3,8,2), Remark
(3.8.3) 197

9. Absolute and algebraic moments of a bounded distri¬
bution function, Theorem (3,9,1); relations between
moments and Fourier transforms, Remark (3,9,1),
Remark (3,9,2) 201

10. Distribution functions over [0, + °° ) and their
Laplace transforms, Theorem (3,10,1), Example
(3.10.1) ; absolutely monotone functions, Lemma
(3.10.1) , Lemma (3,10,2), Lemma (3,10,3), Theorem
(3.10.2) , Theorem (3,10,3) (Karamata); convolution;
generating functions 207

11. n-dimensional distribution functions, n-dimensional
Riemann-Stieltjes integrals, Remark (3,11,1), Remark
(3.11.2) ; separation of variables; F-equivalent
functions 219

12. Convergence of a sequence of n-dimensional distri¬
bution functions, Fourier transform of an n-dimen¬
sional bounded distribution function, Theorem (3,12,1);
convolution; moments of a bounded n-dimensional distribution
function, interpretation of moments of order 1, central
moments, moments of order 2 and moments of inertia,
Theorem (3,12,2); application of the Holder inequalities
to moments; case of separated variables, Theorem
(3.12.3) ; intrinsic study, notation, definition 228

Bibliographic notes for Chapter III

Exercises

240

241

Xll



CHAPTER IV - RANDOM VARIABLES, AXIOM OF CONDITIONAL
PROBABILITY 245

I - Random variables

1. Distribution function of a random variable, Remark

(4.1.1) , discrete random variables, indicator,

Example (4,1,1), continuous random variables, uni¬

formly distributed random variables; Remark (4,1,2);
certain number, almost certain number; types of

random variables and distribution functions,

symmetric random variables and distribution functions 246

2. Description of a random variable, mathematical

expectation of a random variable, Remark (4,2,1),

Example (4,2,1); computation of mathematical expec¬

tations, Example (4,2,2), Example (4,2,3); Remark

(4.2.2) ; Theorem (4,2,1), Example (4,2,4); second

moments and dispersion, Example (4,2,5); absolute

and algebraic moments of a random variable, Remark

(4.2.3) ; reduced random variables and laws; other

central values and measures of dispersion 252

3. Complex random variables; characteristic function

of a real random variable, Example (4,3,1), Example

(4,3,2); second characteristic function; moment¬

generating function, generating function 268

4. Poisson laws; Remark (4,4,1); normal distribution,

laws of normal type, Henry's line, degenerate normal
distributions 275

II - Axiom of conditional probability

5. Conditional probability of one event given another;

axiom of conditional probability (provisional formu¬

lation); Example (4,5,1); Example (4,5,2); lifetime

of a radioactive atom and the exponential law; case

of more than two events; independent events, Remark

(4,5,1), Theorem (4,5,1), independent a-algebras,

case of any finite number of events, Remark (4,5,2);

the general case; mutual independence of random

elements, Remark (4,5,3); Example (4,5,3)

6. Application of the axiom of conditional probability;

axiom of conditional probability (final formulation);

Example (4,6,1), Remark (4,6,1), Remark (4,6,2),

Example (4,6,2); Example (4,6,3): the axiom of con¬

ditional probability in Wave Mechanics; conditional

mathematical expectation; Bayes' Theorem, Example

(4.6.4) , Theorem (4,6,1) (Bayes)

Bibliographic notes for Chapter IV

285

299

xm

314



Exercises

CHAPTER V - n-D IMENS IONAL RANDOM VECTORS AND VARIABLES

1. Distribution function of an n-dimensional random
variable; a priori or marginal probability laws
of X and Y; characteristic functions and moments
of a 2-dimensional random variable, correlation
coefficient, Theorem (5,1,1), Example (5,1,1)
(a theory of vision)

2. Conditional study of a random variable with respect
to another, Bayes' formula, conditional mathematical
expectation, Theorem (5,2,1); conditional variance,
Theorem (5,2,2); Remark (5,2,1), case of independent
X and Y, Theorem (5,2,3), Theorem (5,2,A); Theorem
(5.2.5) ; Comment; estimation in the sense of minimum

mean-square deviation, Problem 1, Problem 2, Theorem
(5.2.6) , the best conditional linear estimate

3. Intrinsic study of an n-dimensional random vector,
Theorem (5,3,1), Theorem (5,3,2)

4. Complex random variables, independence of complex
random variables; Hilbert space of second-order
complex random variables; Remark (5,4,1); the
covariance matrix, Theorem (5,4,1); Theorem (5,4,2);
best linear estimate, Theorem (5,4,3)

5. n-dimensional normal random vectors and variables;
Theorem (5,5,1), Theorem (5,5,2), Theorem (5,5,3),
Theorem (5,5,4), rank of a normal random variable,
distribution function and probability density of a
normal n-dimensional random variable, Theorem (5,5,5);
Remark (5,5,1), Remark (5,5,2), case of a degenerate
normal random variable, Theorem (5,5,6); the case
n = 2, Theorem (5,5,7); conservation of normality,
Theorem (5,5,8); Example (5,5,1)

6. Conditional probability laws of normal n—dimensional
random variables, Rule (5,6,1), the case n = 2;
complex normal random variables, Remark (5,6,1)

Bibliographic notes for Chapter V

Exercises

314

319

320

330

343

346 -

360

381

390

390



CHAPTER VI - ADDITION OF INDEPENDENT RANDOM VARIABLES;

STOCHASTIC CONVERGENCE, LAWS OF LARGE NUMBERS,

ERGODIC THEOREMS; CONVERGENCE TO A NORMAL LAW,

CONVERGENCE TO A POISSON LAW; GENERALIZATIONS 393

I - Addition of Independent random variables

1. Addition of random variables; Theorem (4,2,1);

Theorem (5,2,3), Theorem (6,1,1), Remark (6,1,1);

the heads-or-tails scheme, Bernoulli law,

Exercises (6,1,1) 394

2. Convolutions of distribution functions and prob¬

ability densities of independent random variables,

Theorem (6,2,1); Theorem (6,2,2), Corollaries (6,2,1),

Remark (6,2,1); Exercise (6,2,1); Theorem (6,2,3),

Theorem (6,2,4) (Raikov); Theorem (6,2,5), Theorem

(6.2.6) (Cramer); closed types of laws, Theorem

(6.2.7) , Cauchy law and type 400

II - Stochastic convergence, laws of large numbers,

ergodic theorems

3. Laws of large numbers and stochastic convergence 408

4. Convergence in quadratic mean; convergence in
a-th mean 409

5. Convergence in probability; Theorem (6,5,1),

Remark (6,5,1), Example (6,5,1), Example (6,5,2) 412

6. Almost sure convergence; Remark (6,6,1), Theorem

(6.6.1) ; Theorem (6,6,2), Example (6,6,1), Example

(6.6.2) ; Remark (6,6,2); application to the heads-
or-tails scheme 415

7. Laws of large numbers; Theorem (6,7,1) (law of large

numbers in quadratic mean); Theorem (6,7,2) (almost

sure law of large numbers); application to the heads-

or-tails scheme; Theorem (6,7,3) (Kolmogorov); The¬

orem (6,7,4) (Glivenko-Cantelli), Exercise (6,7,1) 420

8. Ergodic theory; Theorem (6,8,1), Remark (6,8,1),

second-order stationary sequences, Theorem (6,8,2) 426

9. Birkhoff's ergodic theorem, Theorem (6,9,1) (Birkhoff);

strictly stationary sequences, case of normal

sequences; Theorem (6,9,2) ,, Theorem (6,9,3),

Lemma (6,9,1), Lemma (6,9,2); Theorem (6,9,4),

Exercise (6,9,1) 432

III - Convergence to a law of normal type; Convergence to
a Poisson law

10. Convergence to a normal law in the Bernoulli case,

generalizations, Theorem (6,10,1), Theorem (6,10,2) 443

xv



11. The general problem of convergence to a limit law,
Definition (6,11,1); infinitely divisible laws and
distribution functions, Theorem (6,11,1), Theorem
(6.11.2) , Theorem (6,11,3), Theorem (6,11,4), Cor¬
ollary (6,11,1), Theorem (6,11,5), Theorem (6,11,6),
Example (6,11,1), Example (6,11,2), Remark (6,11,1),
Theorem (6,11,7); Theorem (6,11,8), Example (6,11,3),
Exercise (6,11,1), Example (6,11,4), Remark (6,11,2) 451

12. Convergence to a limit law for cumulative sums of a
large number of independent random variables, Defi¬
nition (6,12,1), Theorem (6,12,1), Theorem (6,12,2),
Theorem (6,12,3), Theorem (6,12,4), Exercise (6,12,1);
special case: identically distributed Xj, Theorem
(6,12,5), Theorem (6,12,6) 462

13. The Gauss law of measurement errors; normal approxi¬
mation, Theorem (6,13,1)(A. Berry and C. Esseen);
lattice random variables, Theorem (6,13,2), Theorem
(6.13.3) 466

14. New approach, Theorem (6,14,1); convergence of
probability densities to a normal density, Theorem
(6.14.2) , laws of the iterated logarithm, Theorem
(6.14.3) , Remark (6,14,1); Remark (6,14,2) 475

IV - Generalizations

15. Addition of independent n-dimensional random
vectors; strictly stationary sequences of random
elements; Theorem (6,15,1),"Theorem (6,15,2),
Theorem (6,15,3), Converse (6,15,1), Theorem
(6.15.4) ; second-order random elements, Theorem
(6.15.5) , Remark (6,15,1), Theorem (6,15,6);
convergence to an n-dimensional normal law; fluc¬
tuations of concentration in the atmosphere; the
blue color of the sky, Remark (6,15,2) 480

Bibliographic notes for Chapter VI 497

Exercises 498

Numerical tables 506

Bibliography 509

Index 520

xvi


	Inhaltsverzeichnis
	[Seite 1]
	[Seite 2]
	[Seite 3]
	[Seite 4]
	[Seite 5]
	[Seite 6]
	[Seite 7]
	[Seite 8]


