Table of Contents

I. Introduchlon .. oo ces camme s v s s mmsmmonme mmommmess b w8 i s 1
1.1 The Green Representation Formula ....................... 1
1.2 Boundary Potentials and Calderén’s Projector ............. 3
1.3 Boundary Infeptal EGNaEIONA: .« o= covvovovns io 0 o6 & 55 554 10

131 Ther IARIchiel Podblels o o wweamn ssommmmmmmy o o ona 11
1.3.2 The Neumann Problem ................. ... ..... 12
1. Esgtorior PEOBIBIAE . .ocviin i i i seemmesss e e i @5 o9 a5 13
1.4.1 The Exterior Dirichlet Problem .................... 13
1.4.2 The Exterior Neumann Problem ................... 15
1.5 Remarks . ...ttt i i e 19

2. Boundary Integral Equations ..................cocvvviiinn 25

2.3 The Helimholtz EGUation .. v+« v swems s vwemesmsan oo s ases 25

2.1.1 Low Frequency Behaviour ................ccoiinnn. 31

23 THS LA BURIaIT oo cunmm wn ws sumsmsmmm uralasaams s v s a 45

2.2.1 The Interior Displacement Problem ................. 47

222 The Interior Traction Problem . .oouvvams v v vvass 55

2.2.3 Some Exterior Fundamental Problems .............. 56

2.2.4 The Incompressible Material . ...................... 61

28 The Stokes BGUALIONE v« w5 v ewsmmms & sosmees v o3 s 62

2.3.1 Hydrodynamic Potentials...................0unt. 65

2.3.2 The Stokes Boundary Value Problems............... 66

2.3.3 The Incompressible Material — Revisited ........... 75

2:4 'The Bihsrmanie Bquation : «. . se cvavasesmnee vs we sy v 79

24.1 Calderbn’s Projectionr . o cvesmoews mmeases na v s s 83
2.4.2 Boundary Value Problems and Boundary Integral Equa-

BT o amaeemn B 5o PR N RRETALR D JH JB% S SRS 86

itt BErnthE s casmnsemmmmms e cn 8 bARRGmmR e e i SE s B 91

3. Representation Formulae ......:i:ovvviiivivasisivasasvans 95
3.1 Classical Function Spaces and Distributions................ 95
3.2 Hadamard’s Finite Part Integrals .. ...coo0vieviaaniinniais 101
3.3 Liotal CooTHIRas - wvawss s ws sweemmniwssmiie 53 63 soss ey 108

3.4 Short Excursion to Elementary Differential Geometry . ...... 111



XVI

Table of Contents

3.4.1 Second Order Differential Operators in Divergence Form119

3.5 Distributional Derivatives and Abstract Green’s Second For-
0111 - Y D EPEPPR 126
3.6 The Green Representation Formula ....................... 130
3.7 Green’s Representation Formulae in Local Coordinates . ..... 135
3.8 Multilayer Potentials........... ... ... 139
3.9 Direct Boundary Integral Equations ...................... 145
3.9.1 Boundary Value Problems ......................... 145
3.9.2 Transmission Problems................... .. ...... 155
3.10 Remarks . ...ovii i e 157
Sobolev Spaces ............ i 159
4.1 The Spaces HO(§2) . ..o 159
4.2 The Trace Spaces H(I') ..o 169
4.2.1 Trace Spaces for Periodic Functions on a Smooth
Curve in TRZ ..o e 181
4.2.2 Trace Spaces on Curved Polygons in IR®............. 185
4.3 The Trace Spaces on an Open Surface..................... 189
4.4 Weighted Sobolev Spaces .......... ... 191
4.5 Function Spaces H(div,{2) and H(curl,2) ............... 194
Variational Formulations.................................. 207
5.1 Partial Differential Equations of Second Order ............. 207
5.1.1 Interior Problems.......... ... .. .. ... .. .. ... .... 212
5.1.2 Exterior Problems . ......... ... ... ... ... ... ... ... 216
5.1.3 Transmission Problems............................ 227
5.2 Abstract Existence Theorems for Variational Problems .. .... 231
5.2.1 The Lax—Milgram Theorem........................ 232
5.3 The Fredholm—-Nikolski Theorems ........................ 238
5.3.1 Fredholm’s Alternative............................ 238
5.3.2 The Riesz-Schauder and the Nikolski Theorems . ..... 248
5.3.3 Fredholm’s Alternative for Sesquilinear Forms........ 252
5.3.4 Fredholm Operators ............ .. ... ... iinon.. 254
5.4 Garding’s Inequality for Boundary Value Problems ......... 255
5.4.1 Garding’s Inequality for Second Order Strongly Ellip-
tic Equations in §2......... ... . 255
5.4.2 The Stokes System ............ciiiiininnn... 263
5.4.3 Garding’s Inequality for Exterior Second Order Prob-
lems ..o 266
5.4.4 Garding’s Inequality for Second Order Transmission
Problems ...... ... 271
5.5 Existence of Solutions to Boundary Value Problems......... 272
5.5.1 Interior Boundary Value Problems.................. 272
5.5.2 Exterior Boundary Value Problems ................. 276

5.5.3 Transmission Problems. ........... ... ... . ... ... 277



Table of Contents XVII

5.6 Solution of Integral Equations via Boundary Value Problems . 277
5.6.1 The Generalized Representation Formula for Second
Qe BYRERHIE « v wewnvan 63 01 cISEIOPET 15 1% FLESETS 277
5.6.2 Continuity of Some Boundary Integral Operators . .. .. 280
5.6.3 Continuity Based on Finite Regions................. 282
5.6.4 Continuity of Hydrodynamic Potentials ............. 284
5.6.5 The Equivalence Between Boundary Value Problems
and Integral Equations . ........................... 287
5.6.6 Variational Formulation of Direct Boundary Integral
LIRS & vs wovemes o 4% 55 DPVEERGIE 56 55 SSEeas 289
5.6.7 Positivity and Contraction of Boundary Integral Op-
BTRLOUE: oo 0 a0 o mimimimn bl 58 Bk 5000 om0 W M 300
5.6.8 The Solvability of Direct Boundary Integral Equations 304
5.6.9 Positivity of the Boundary Integral Operators of the
Stokes System ... .oviiinii i e 305
5.7 Partial Differential Equations of Higher Order.............. 307
BB Beiiaitks - .ovoiws oo o somaies 46 3 58 SERrowes e v AouEeEs 312
9. 8.1 AsSUmptIonE oft I . couvvn in s simnae v s ws s 312
5.8.2 Higher Regularity of Solutions ..................... 313
5.8.3 Mixed Boundary Conditions and Crack Problem ..... 314
Electromagnetic Fields .........ccoovvivivinoines TR 317
6.1 TOEPOAUCHION vivaos vv pvmemnimen ve s wwmmmion e &5 ¥ wFERDTT S 317
6.2 Maxwell Equations ........coeiiinrneinriennnnrenennenn. 318
6.3 ‘Constitutive EqUations . ...i.. v is i vaieiasas o op snamives 319
6.4 "Tiie Harimoide FIRE oosevue v on wevemmmviens i o6 geaassus 323
0 IS SUEE o voonimmommm o 68 KOs s we s v un s 324
6.5 Electromagnetic potentials.............. ... .. ..., 325
6.6 Transmission and Boundary Conditions ................... 328
6.7 Boiindary Value Problemis « o ss va evvviwviann v os emmmmea 329
671 Scabbering ProblolB ...« e wentmmnms e v s v 329
6.7.2 Eddy current problems. ......coevesiorsesnrasvaias 330
B8 TIHIGHENEER s i iy EaEads v 60 SERIETESE RS 30 96 DFiFRe0s 332
681 Tho covity Problet « .« vs ws v wrmsrmnmss v v we e 332
6.8.2 Exterior problems .............coiiiiiiiiiiiaa 337
6.8.3 The transmission problem ..............ooviiien. 339
6.9 Representation Formulae ................cooiiiiiiiiiiny 341
6.10 Boundary Integral Equations for Electromagnetic fields. ... .. 344
6.10.1 The Calderon projector and the capacity operators ... 349
6.10.2 Weak solutions for a fundamental problem........... 351
6.11 Application of the Electromagnetic Potentials to Eddy Cur-
rent Problems. ... ..ooovevvrrvrierrereiesiecnienarasens 359
6.11.1 The '(A, ) — (A) — (¢)’ formulation in the bounded
SO & s be sl Sa@EEs EF 05 50 PRERETEE R e v S 359

6.11.2 The '(A, ) — (¢)’ formulation in an unbounded domain369



XVIIT Table of Contents

6.11.3 Electric field in the dielectric domain £2p. ........... 379
6.11.4 Vector potentials — revisited . ............... ... ... 387

6.12 Applications of boundary integral equations to scattering
Problems .. ... ... e 395

6.12.1 Scattering by a perfect. electric conductor, EFIE and
MEIE . . e 397
6.12.2 Scattering by a dielectricbody ..................... 416

6.12.3 Scattering by objects with impedance boundary con-
dItIOmS ..t 423
Introduction to Pseudodifferential Operators ............. 429
7.1 Basic Theory of Pseudodifferential Operators .............. 429
7.2 Elliptic Pseudodifferential Operatorson 2 CIR" ........... 452
7.2.1 Systems of Pseudodifferential Operators............. 454
7.2.2 Parametrix and Fundamental Solution .............. 457
7.2.3 Levi Functions for Scalar Elliptic Equations ......... 459
7.2.4 Levi Functions for Elliptic Systems ................. 466
7.2.5 Strong Ellipticity and Garding’s Inequality .......... 468
7.3 Review on Fundamental Solutions ........................ 471
7.3.1 Local Fundamental Solutions ...................... 472

7.3.2 Fundamental Solutions in IR™ for Operators with Con-
stant Coefficients .. ............ ... ..o .. 474
7.3.3 Existing Fundamental Solutions in Applications ...... 477
Pseudodifferential Operators as Integral Operators ....... 479
8.1 Pseudohomogeneous Kernels . ............cooviviiinnien.. 479

8.1.1 Integral Operators as Pseudodifferential Operators of
Negative Order ........... .. .. iiiiiiiiiinnnn. 482

8.1.2 Non-Negative Order Pseudodifferential Operators as
Hadamard Finite Part Integral Operators ........... 506
8.1.3 Parity Conditions ..............0iiiiiiiiuninn. 515

8.1.4 A Summary of the Relations between Kernels and
Symbols. ... ... 518
8.2 Coordinate Changes and Pseudohomogeneous Kernels. . ... .. 520

8.2.1 The Transformation of General Hadamard Finite Part
Integral Operators under Change of Coordinates ..... 523

8.2.2 The Class of Invariant Hadamard Finite Part Integral
Operators under Change of Coordinates ............. 530
Pseudodifferential and Boundary Integral Operators...... 539
9.1 Pseudodifferential Operators on Boundary Manifolds. ....... 540
9.1.1 Ellipticity on Boundary Manifolds .................. 544
9.1.2 Schwartz Kernels on Boundary Manifolds............ 546

9.2 Boundary Operators Generated by Domain Pseudodifferen-
tial Operators. .. ... ... 547



10.

11.

Table of Contents  XIX

9.3 Surface Potentials on the Plane IR . ... ... ............. 549
9.4 Pseudodifferential Operators with Symbols of Rational Type . 572
9.5 Surface Potentials on the Boundary Manifold I" ............ 593
9:6 Voluihe POLeIale . -« v i ve wwann o o savien v ewes o9 o 602
9.7 Strong Ellipticity and Fredholm Properties ................ 605
9.8 Strong Ellipticity of Boundary Problems and Integral Equations611
9.8.1 The Boundary Value and Transmission Problems..... 611
9.8.2 The Associated Boundary Integral Equations of the
RTINS, i MR 613
9.8.3 The Transmission Problem and Garding’s inequality .. 614
08 BanaikE : o rover s R s oD TR SR SN RS AET £8 VB A S 617
Integral Equations on I' C IR® Recast as Pseudodifferential
BEREIOR . oo 2 ssninm s wowwuss s SEETEEE ¥5 B CREEE S PR ST 8 619
10.1 Newton Potential Operators for Elliptic Partial Differential
Equations .......cccoiiiiiiiiiiiii it e 625
10.1.1 Generalized Newton Potentials for the Helmholtz Equa-
BN < 5vam on smpus va seeswise 2 B TeRE0% P SRSV 55 628
10.1.2 The Newton Potential for the Lamé System.......... 631
10.1.3 The Newton Potential for the Stokes System ......... 632
10.2 Surface Potentials for Second Order Equations ............. 633
10.2.1 Strongly Elliptic Differential Equations.............. 636
10.2.2 Surface Potentials for the Helmholtz Equation ....... 640
10.2.3 Surface Potentials for the Lamé System ............. 645
10.2.4 Surface Potentials for the Stokes System ............ 650
10.3 Invariance of Boundary Pseudodifferential Operators........ 650
10.3.1 The Hypersingular Boundary Integral Operators for
the Helmholtz Equation . ............ ... ... o0t 651

10.3.2 The Hypersingular Operator for the Lamé System . ... 657
10.3.3 The Hypersingular Operator for the Stokes System ... 661
10.4 Derivatives of Boundary Potentials .................... ... 661
10.4.1 Derivatives of the Solution to the Helmholtz Equation 667
10.4.2 Computation of Stress and Strain on the Boundary for

$HE Taing BYBtE oo o vovns o 5 Weauvds 48 09 5a e b 669

105 REHAPKE © cuvnves o svsvas 65 vasms jie i s o6 smwmmisy o 673

Boundary Integral Equations on Curves in R?............ 675

11.1 Fourier Series Representation of the Basic Operators........ 676
11.2 The Fourier Series Representation of Periodic Operators A €

BT odwim daos.sié v Somaindt i Boes b o sealmmy v suones i 682

11.3 Ellipticity Conditions for Periodic Operatorson I .......... 688

11:3.1 Bealar Euablions . o ws oevnn sm na smmmom s s 689

11.3.2 Systems of Equations .............ccoiviiiiiin. 694

11.3.3 Multiply Connected Domains .............ccvvenven. 698

11.4 Fourier Series Representation of some Particular Operators .. 701



XX

12.

A.

B.

Table of Contents

11.4.1 The Helmholtz Equation .......................... 701

11.4.2 The Lamé System . ......... ..., 705

11.4.3 The Stokes System .......... ..., 707

11.4.4 The Biharmonic Equation ......................... 709
I1.5 Remarks . ..ouniiii it i it e i e i e 718
Remarks on Pseudodifferential Operators for Maxwell Equa-
B OMIS . L 719
12.1 Introduction . ...t e 719
12.2 Symbols of P and the corresponding Newton potentials ... .. 720
12.3 Representation formulae............ ... ... .. .. .. .. 721
12.4 Symbols of the Electromagnetic Boundary Potentials. . ... ... 723
12.5 Symbols of boundary integral operators ................... 729
12.6 Symbols of the Capacity Operators .............coovunan.. 731
12.7 Boundary Integral Operators for the Fundamental Boundary

Value Problems . ...... ..o 733
12.8 Coerciveness and Strong Ellipticity ............ .. ... ... ... 734
12.9 Garding’s inequality for the sesquilinear form A in (6.12.23) . 737
12.10Existence Theorem 6.12.6 revisited ....................... 740
12.11Concluding Remarks .. ... ... i 743
Appendix A: Local Coordinates .......................... 745

Appendix B: Vector Field Identities, Integration Formulae 751

R eremCes . . o ot e e e 753



	Inhaltsverzeichnis
	[Seite 1]
	[Seite 2]
	[Seite 3]
	[Seite 4]
	[Seite 5]
	[Seite 6]


