Contents

Editor’s Foreword

Preface
Translator’s Preface
Chapter 1. An Outline of the Problems ..........ccccocviniiniiicncrninrecennns 1
§ 1.1. Reliability Of programs ..........ccccccviiinnnmmimnenmenmeenee. 1
§ 1.2. The evolution Of @ PrOZram .........ccceeeeerrvmmsmnmnsnrissinmesesssiniesssees 2
§ 1.3, DIffiCUILIES ...ccocveererreeeeeiiiiirirnreereeseeesssrrnsraeesesessssnnnnesesessasasssssrns 3
Notes to Chapter 1 ... s 8
Chapter 2. Linear Equations and Inequalities ............ccocovverrreevennnnen. 10
§ 2.1. The classical algorithm of GauSs .........ccceeerivrviernvecsienisissseesnnens 12
§ 2.2. The triangular deCOMPOSILON .....cccevrverrreesreecrienisensrnssssissesesssssans 16
§ 2.3. Iterative refiNEMENL .........cccocveeeieiiiiieeiieirreeeeesreaeseeessrsnsssssesssssnenns 21
§ 2.4. Pivoting SIIAtEZICS .....cccvvieveiiriiiiiiiesiiecsseeseessses s saas s snseseseseses 23
§ 2.5. Questions of Programming .........c.ccueereesmeseesueseesesessssessserasessens 27
§ 2.6. The exchange algorithm ............cccovieeeicineiiieiesieeececr e ceeeeeenns 32
§ 2.7. Questions of Programming ........c..cceecevieemriniinnnssennsesssesssseneesseens 41
§ 2.8. Linear inequalities (OPMIZAtioN) ........ccccecemerieecisniesrnesuesseesnnsnens 43
NOteS t0 ChAPLET 2 ...covvviiieireiriris e s e sesssssssss s assassssaseses 49
Chapter 3. Systems of Equations With Positive Definite Symmetric
Coefficient MatriX ..........ccccooeiiiririecieniireniee e e esesnse s 53
§ 3.1. Positive definite MALTICES .......ceeevieeiiieriennriereereeesrsraessseeeeseesensnnes 53
§ 3.2. Criteria for positive definiteness .........vvvmsmnenreriecsnnieniessesnenns 55
§ 3.3. The Cholesky deCOMPOSILION .......ccceverrreerrererrerrreresserieesiraserasesnns 59
§ 3.4. Programming the Cholesky decOmpOSItion ..........cccecveevueerneernens 63
§ 3.5. Solution of a linear SYSIEM ......cccccceiiiiiiiiiiiiiinieiiie e cnvirnaese e 66



xii Contents

§ 3.6. Influence of rounding EITOTS .......ccceevveeemrirneenissnrenssssssesssnaessssanssans 67
§ 3.7. Linear systems of equations as a minimum problem ...........c...... 73

NOtes t0 ChapLer 3 ......cocveerseeiireriisinssressiestesssissnernsessseessessnssnens 76
Chapter 4. Nonlinear Equations ... 77
§ 4.1. The basic idea of linearization ........cc.ceeveeverveesveersienreeesssanssenans 78
§ 4.2. Newton’s MEthod ......cccccecerrvernreniuesnernicnnesessinnsncsssssassssssesssnessaes 82
§ 4.3. The regula falSi .....ccoveveirieeiiee e 84
§ 4.4. AlgebraiC EqUALIONS .......cccceerrcrressmsinsisessessmssssnssssssarsesnsssssnsssass 88
§ 4.5. Root squaring (Dandelin-Graeffe) .......ccccveevvveccsnricninecsnniiinnnnas 92
§ 4.6. Application of Newton’s method to algebraic equations ............ 94

NOLES t0 ChAPLET 4 ....ccccveveirveeeenereesrsersrsseeessnsasssssessssssnnassssssssoss 97
Chapter 5. Least Squares Problems ..........cccoceevmnvrvrnnnnnne. rieaeeens ... 103
§ 5.1. Nonlinear least squares Problems .......cccceiimnimniininenneinmeiessnns 103

§ 5.2. Linear least squares problems and their classical solution .......... 107
§ 5.3. Unconstrained least squares approximation through

orthogoNAlIZAtION .....cccocveeeiiueneirieninecrirsen s sss s ssssssassssenss 113
§ 5.4. Computational implementation of the orthogonalization ............ 116
§ 5.5. Constrained least squares approximation through

OrthOgONALZALION ......cccviiirieriiieiernrierries e resneesras e s s saasensnas 122

Notes 10 Chapler 5 .....ooociieriinieerter ittt s estas s 125
Chapter 6. Interpolation ..............ccooiiiiinncnnininiscnssenscss s sesensnns 128
§ 6.1. The interpolation polynomial ...........cccoreevimncniecinnneceninnenienens 129
§ 6.2. The barycentric formula .........ccoccerervenrereeerrensseereseeses e essesnsens 133
§ 6.3. Divided AIffErENCES ...cevveeviiirrrrrrnreeersserrsreeseeesesssssssssaesseesssssnnnsans 134
§ 6.4. Newton’s interpolation formula ..........ccccevicriiveniinncenniennceneae 138
§ 6.5. Specialization t0o eqQUIdISIANL X; .....occveeveeereeeceerre e rcrerene e esseans 142
§ 6.6. The problematic nature of Newton interpolation ............ccccoveeune. 143
§ 6.7. Hermite interPOIAtION ...ccuvvervreeriinreereeesrssneesnneessssssessnsaesesnsssasnns 146
§ 6.8. Spline INLETPOIALION .......cooevvieriirrriienirirsssssresisssssssssssnenss sanesnns 152
§ 6.9. SMOOHING ...ooeviiiircrerc e s s e e snaes 160
§ 6.10.Approximate qUAATATUTE ........cccccervrrervrneseursessssessesnnsessnasesesnnases 163

Notes t0 Chapter 6 ......cccoecvieiiiriieteeniteiecsiree s sssesesasaeens 170
Chapter 7. APProxXimation ...........cccecvrmrveresisnesnnssnsssssesssassessssssesnes 175

§ 7.1. Critique of polynomial representation ........cc.cceeveeenmesieescssnesnnn, 175



Contents xiii

§ 7.2. Definition and basic properties of Chebyshev polynomials ........ 177
§ 7.3. Expansion in T-polynomials .........ccecumiimminmieinmennninienie. 181
§ 7.4. Numerical computation of the T-COeffiCients .........cceevervvernranens 185
§ 7.5. The use Of T-EXPANSIONS ......coceerreessrrrsrrnsssisssnnsesssemssassessassassrens 190
§ 7.6. Best approximation in the sense of Chebyshev
(T-apProXimation) .........cceeesrerismsinsesionssssssssesssessnrssssssanssessnesseses 194
§ 7.7. The Remez algOrithml ........cccevveuerivineeirineiimssecmessscnesscsnnsissssnsnsasses 199
Notes t0 Chapter 7 ......oooeiecieeiicieriessiessssne s e sn e 205
Chapter 8. Initial Value Problems for Ordinary Differential
EqUations .......cccccciriiminniciniins s sensnessens 208
§ 8.1. Statement of the problem .........cccoocemiivniccnnicsncnicce e 209
§ 8.2. The method Of BUler ......ccoccvevieerineninnneennneeneniessinsisnsssssessassenes 210
§ 8.3. The order of @ MEthOd .....ooeeeeveeeiiierreeieer e e anee e 218
§ 8.4. Methods of RUNGE-KULA LYPE ....cveveereerunrrersersesarssessessssessanees 224
§ 8.5. Error considerations for the Runge-Kutta method when
applied to linear systems of differential equations .........ccccceeuuuee. 231
§ 8.6. The trapezoidal Tule .........cccccervviiiriirncinreiies e 237
§ 8.7. General difference formulae ..........ccoceeevvirrieeeceieeccceeeecceeeee e 242
§ 8.8. The stability Probleml ........ccceevveeriieerreirrersrrecrrecnee e aecsnssnanes 252
§ 8.9. SPECIal CASES .....vviierirniniciriicnrisren st b 263
NoOtes 10 Chapter 8 .......ccovvvviivienieicrrrerne s s 271
Chapter 9. Boundary Value Problems For Ordinary Differential
EQUAtIONS ........ccocovoiriecnreiiennriecrreecneeesnesssnrenssnnssssesscnensnsns 278
§ 9.1. The shooting MEthOd .........ccveeeiveeieeenrrrirrr i eesreeeerressernessannes 279
§ 9.2. Linear boundary value Problems ............eeuemeemeeesereeesesssesennes 282
§ 9.3. The Floquet solutions of a periodic differential equation ............ 290
§ 9.4. Treatment of boundary value problems with difference
MELHOAS ...t crre e e e e e eesneesere s sane s nnessnnesssnanans 293
§ 9.5. The energy method for discretizing continuous problems .......... 301
INOtES t0 ChaPLEr T ....cooveviieieirieciee sttt ssas s es s sns e s ba s ssaa s 305
Chapter 10. Elliptic Partial Differential Equations, Relaxation
Methods .......cooviiiiiirir e 309
§10.1. Discretization of the Dirichlet problem .........cccccecoveiiivireeccnnene, 310
§10.2. The Operator PrinCipPIe .......c.cccceerveeereerverressrescenersasesressseens crrennes 317

§10.3. The general principle of relaxation ............cceceeerreesrresssneeseeenen 322



Xiv Contents

§10.4. The method of Gauss-Seidel, overrelaxation ..........c.coeveververnnen 325
§10.5. The method of conjugate gradients ............ccceeeeverreninrennscnennaes 330
§10.6. Application to a more complicated problem ...........cccceeveruernennen. 335
§10.7. Remarks on norms and the condition of a matrix ..........ccecevuen. 347
Notes t0 Chapter 10 .......oocieriereeerecssirinnsresie s ssssssssssnessnns 355
Chapter 11. Parabolic and Hyperbolic Partial Differential
EqQuations ... 358
§11.1. One-dimensional heat conduction problems .........c.ccceecerireereene. 358
§11.2. Stability of the numerical SOIULION ......cccocnviriiineninicrransnnnnnnennens 362
§11.3. The one-dimensional wave €qUALION ........c.cccevverreeerrerrersssensasnes 370
§11.4. Remarks on two-dimensional heat conduction problems ........... 376
Notes to Chapter 11 ...t 389
Chapter 12. The Eigenvalue Problem For Symmetric Matrices ....... 390
§12.1. INLrOAUCHION ...ccoviereeerereaesrsesssneeseerseesnsessseeseesssnessnsssasssssssssssssanan. 390
§12.2. Extremal properties of eigenvalues .........ccoviinneenenninceniscennnnes 397
§12.3. The classical Jacobi Method .........cccovvirieeiiiineeeiiiinneesssssssesnaessnns 407
§12.4. Programming CONSIAETatiONS .........cccceeerersrvrneeeiscinsesssssssneesssssssnns 412
§12.5. The cyclic Jacobi method .........ccccoveviirieniniininenneisirssesesisssenenes 415
§12.6. The LR transfOrmation .........ccocccciecciiiierrrsinnnnneemssnsssesssesssessesnnnes 417
§12.7. The LR transformation with ShiftS ........cccccevrirrriricceeieeececrirnnnnns 423
§12.8. The Householder transformation .........c.ccceeeeeivieiniveeeenreeeeennnnn 427
§12.9. Determination of the eigenvalues of a tridiagonal matrix .......... 433
Notes t0 Chapter 12 .......ccccivvenirerinreeieesiiesineesneessssssssssssnenss 437
Chapter 13. The Eigenvalue Problem For Arbitrary Matrices ........ 440
§13.1. SuSCepLibIlity tO EITOTS ...cccevuerrriverrerrreressessnsssesessnessassensessnsanassnsses 440
§13.2. Simple VeCctor IETatiON ........cccceeeriereeisserissneeesneessrssssesssaseessrnsens 443
Notes 10 Chapter 13 ...t 457
Appendix. An Axiomatic Theory of Numerical Computation
with an Application to the Quotient-Difference
AlGOrItRIM ..o e s 459
Editor’s FOTEWOId ......ccceevvieeiiieriireciriinineinnaecessssssscssassneas 461

Chapter Al. Introduction ...........cccooiviveiiirrienenireeeee e .. 463



Contents XV

§A1.1. The eigenvalues Of @ QA-TOW ......coviiinniiinininnienneinsns s sneeas 463
§A1.2. The progressive form of the qd-algorithm .........cccovevvueeneirvennnnn. 464
§A1.3. The generating function of a Qd-TOW .....ccccvcvriierreccsicnniineecenenne 467
§A1.4. POSILIVE (A-TOWS ...vveeivreiiriirnrencrenssssssssssnnssssassssssnsssssrsasssssnensesas 467
§A1.5. Speed of convergence of the qd-algorithm .......c.cccneerniivrnnnennn 470
§A1.6. The qd-algorithm with ShiftS .......coeevrmeenmneiis 472
§A1.7. Deflation after the determination of an eigenvalue .................... 475
Chapter A2. Choice of Shifts ..o, 479
§A2.1. Effect of the Shift V ONl Z7 .......ovoiviiiiicciiinesrrrnreeseneessssssssssees 479
§A2.2, SemipOSItive A-TOWS ..ocvvieceeesseeeiiremiriemsinnssssesisssessssnssssnesssssnsans 481
§A2.3. BOUNAS FOT Ay covveeerireerrereesseeresssesssessesssesssesssssssssssssassnsssaessnsssans 484
§A2.4. A formal algorithm for the determination of eigenvalues ......... 486
Chapter A3. Finite Arithmetic ............ccccvviiiiminneniininiriiecc e 489
§A3.1. The DASIC SELS ....cvvverrirerrrerircrrrresssrrrsresssssensesssssesssssssssassssssssssssess 489
§A3.2. Properties of the arithmetic ........c.coveveveceimienecniencitenenneerennnnn, 491
§A3.3. Monotonicity of the arithmetic ........cccevrerirvniiniicsencseeeesnnene, 492
§A3.4. Precision of the arithmeticC ..........coeveveeerriiriiiineeeeenesenenennesesenaes 495
§A3.5. Underflow and overflow CONtrol .......ccooeeeeeeiiiinriiirnneneeeesessanen 498
Chapter A4. Influence of Rounding Errors ..........cccceevvvvenvvecrvncnnnane. 499
§A4.1. Persistent properties of the qd-algorithm .........ccccoviiiiiiiiicnnns 499
S§A4.2. COINCIACIICE ..covvvveeeeriririiirrrrereeesesesssssssneeeessrssssssssssssessessssnsnnnnsans 502
§A4.3. The differential form of the progressive qd-algorithm .............. 505
§A4.4. The influence of rounding errors on CONVErgence ............coeeenes 506
- Chapter AS. Stationary Form of the qd-Algorithm .................cc.c...... 508
§AS.1. Development of the algorithm .......ccoccvveeeiviiinninseenneerssienninees 508
§A5.2. The differential form of the stationary qd-algorithm ................. 509
§AS5.3. Properties of the stationary qd-algorithm .........ccccecveeeeeveeniuenne 511
§AS5.4. Safe qd-steps ....ccceevervccrneenns feeereeebeseeesteet et et se e saaaans 514
Bibliography to the AppendiX ..........cecmeninneniiiee e 522
AUTNOT INACX ....eevivrveeeiivreiiisreesiseeereeesssssesssssessssneessarsessssssessiesssrssnrasssens 524

SUbject INACX ..ot e e ses e 528



	Inhaltsverzeichnis
	[Seite 1]
	[Seite 2]
	[Seite 3]
	[Seite 4]
	[Seite 5]


